
CS333 - Problem Set 7
Due: Wednesday, April 18th before class

See final page for hints.

1. [6 points] As you learned, there are many physical systems that scientists are considering
using to actually build a quantum computer. Unfortunately, it seems like no system is really
perfect for the job - each physical system has different strengths and weaknesses. A different
approach is to construct a “heterogeneous” quantum computer that does not just use one type
of physical system as a qubit, but uses several different systems depending on the situation.
Describe a quantum computer built out of several types of qubits, and explain which functions
of the computer would be accomplished by which types of physical system. For example, what
would you use for RAM, for hard drive, for bus, etc, and why?

2. In this problem, we will investigate a many-qubit version of the Deutsch Algorithm called
the Deutsch-Josza Algorithm. This problem involves using the unitary operation H⊗n, so we
will first investigate its properties. Note that H⊗n is n copies of H acting simultaneously on
n qubits. We describe how H⊗n acts by describing how it acts on standard basis states. For
a standard basis state |x〉,

H⊗n|x〉 =
1

2n/2

∑
y∈{0,1}n

(−1)x·y|y〉. (1)

where the summation is over all 2n standard basis states y, and

x · y =
n∑

i=1

xiyi (2)

where xi is the ith bit of x and yi is the ith bit of y.

So for example:

H⊗2|01〉 =
1

2

∑
y∈{0,1}n

(−1)01·y|y〉

=
1

2

(
(−1)01·00|00〉+ (−1)01·01|01〉+ (−1)01·10|10〉+ (−1)01·11|11〉

)
=

1

2
(|00〉 − |01〉+ |10〉 − |11〉) . (3)

(a) [3 points] Use the formula in Eq. (1) to determine the resulting state of

H⊗n|0〉⊗n (4)

and

H⊗n|1〉⊗n. (5)
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(b) [6 points] (Challenge) Let |x〉 be a standard basis state that is not |0〉⊗n. Explain why

H⊗n|x〉 (6)

produces a superposition of all standard basis states with exactly half of the amplitudes
positive, and half of the amplitudes negative.

(c) Consider a function f : {0, 1}n → {0, 1} that has the promise that it is either even or
balanced. If it is even, f(x) = 0 for all x ∈ {0, 1}n, or f(x) = 1 for all x ∈ {0, 1}n. If
it is balanced, then for exactly half of the inputs, f(x) = 0 and for half of the inputs
f(x) = 1. We would like to determine which case we are in.

i. [6 points] What is the worst case deterministic classical query complexity of decid-
ing with certainty if the function is even or balanced? Explain. (Give big-O)

ii. [6 points] What is the worst case probabilistic classical query complexity of de-
termining if the function is even or balanced? Explain. (This means you have a
probabilistic algorithm, and your answer should be correct with probability at least
2/3. Give big-O. You don’t have to prove, just sketch the idea.)

(d) Let Uf be the unitary that acts on n + 1 qubits as

|x〉A|y〉B
Uf→ |x〉A|y ⊕ f(x)〉B, (7)

where A is an n qubit system and B is a 1 qubit system. Consider the following circuit

|0〉 H

Uf

H

|0〉 H H
...

|0〉 H H

|−〉

(8)

i. [3 points] What is the state of the system after Uf acts? (Use phase kickback -
your expression should have terms f(y) that you do not need to simplify.)

ii. [3 points] What is the state of the system after the second H⊗n acts? (Use linearity
to bring the H⊗n inside the summation.)

iii. [6 points] If the function is even, what is the probability of getting outcome |0〉⊗n
(i.e. |0〉 on every qubit) when the measurement is made? What if the function is
balanced?

iv. [3 points] What is the quantum query complexity of determining if the function is
even or balanced?

3. (a) [6 points] (Challenge) Suppose you know that over the course of a quantum algorithm
on n qubits, the quantum system is never in more than a superposition of T standard
basis states. Suppose that the computation involves M single and two qubit unitaries.
You may assume that at each time step, only one unitary acts at a time (so there is no
parallel computation). Explain how you can simulate this computation using a classical
computer with O(Tn) bits in O(MT 2) time. (You can probably do O(M ×T ) time with
some extra cleverness...bonus points if you do!)
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(b) [6 points] (Big picture) Based on the previous part, what property of a quantum al-
gorithm is necessary (although not sufficient) in order to have an exponential speed-up
versus any classical algorithm?

(c) [6 points] Show that the property you mentioned in part b is not sufficient for a quantum
speed-up, by showing that there is a circuit with the property of part b, which can be
simulated efficiently (polynomially in the number of qubits).
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Hints!

1.

2. (a) Solution:

H⊗n|0〉⊗n =
1

2n/2

∑
y∈{0,1}n

(−1)00...0·y|y〉 =
1

2n/2

∑
y∈{0,1}n

|y〉 (9)

H⊗n|1〉⊗n =
1

2n/2

∑
y∈{0,1}n

(−1)11...1·y|y〉 =
1

2n/2

∑
y∈{0,1}n

(−1)|y||y〉 (10)

where |y| is the number of 1s in the bit string y.

(b) Show that there are the same number of bit strings of length k that have an even number
of 1s as an odd number of 1s.

(c) Solution:

i. O(2n)

ii. O(1).

(d) Solution:

i.

1

2n/2

∑
x∈{0,1}n

(−1)f(x)|x〉|−〉. (11)

ii.

1

2n

∑
y∈{0,1}n

 ∑
x∈{0,1}n

(−1)f(x)+x·y

 |y〉. (12)

iii. Even: 1. Odd: 0.

iv.

3. (a) Store a (classical) list of the superposition of standard basis states at the current time
and their amplitudes. Then update this list as the algorithm progresses.

(b) The property is that the circuit should have an exponential number of standard basis
states in superposition. Why?

(c) Consider the circuit on n qubits:

|0〉 H

|0〉 H
...

|0〉 H

(13)
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